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interaction, the Reynolds stress model that imposes both the con-
vective and diffusive effects of Reynolds stresses does produce the
best agreement with experimental data among these turbulence
models, although both the Reynolds stress model and algebraic
stress model give similar accuracy in predicting the shock location.

Figure 2 shows the comparisons of the velocity profiles in the
postshock separated region and the recovering zone following
reattachment by various turbulence models. The differences espe-
cially near the wall region show the ability of these models to cap-
ture the separation process. The Reynolds stress model predicts
best the start of separation and the separation process, however,
the broad recirculation bubble also implies the underestimation of
the velocity during flow redevelopment and an insufficient rate of
recovery. The k-e two-equation model reveals an insufficient level
of interaction and thus fails to capture the onset of separation and
gives a smaller recirculation region, but the smaller recirculating
zone gives the "appearing good" agreement of the velocity profiles
with measurement in the redeveloping region. The ASM/k-e model
induces separation earlier than the eddy viscosity model but
slightly later than the Reynolds stress model. Also, the Reynolds
stress model has the greatest sensitivity to the shock, the ASM/k-e
two-layer model exhibits a little less sensitivity to the shock, and
the k-e two-equation model gives the least sensitivity of the bound-
ary layer to the shock.

It is expected that the shock and the velocity gradients in the
separated region can elevate the streamwise turbulent stress by the
contribution of streamwise strain to turbulent production, but the
contribution is somewhat overestimated by these turbulence mod-
els when the computed profiles are compared with measured pro-
files (Fig. 3a). However, the predicted turbulent shear stress distri-
bution at selected streamwise stations agree with measurement in
terms of magnitudes with a little mismatch of peak locations (Fig.
3b). It also shows that both the Reynolds stress model and the
ASM/k-e. two-layer model, which include the anisotropic effects of
turbulent properties, obtain better predictions of the Reynolds
shear stress than the eddy-viscosity, two-equation k-e turbulence
model.

The convergence and stability of the computational method is
another concern of the present study. When the computations were
performed on the CONVEX 3460, the computational efficiencies
for the Reynolds stress model, ASM/k-e model, and k-e model are
4.13 x 1(T4, 3.90 x 1(T4, and 3.67 x 1(T4 CPU s/grid/iteration,
respectively. The L2 residuals can be reduced to 3 x 10~9 after
about 4000 iteration time steps which correspond to a total CPU
time of about 5-6 h. It is noted that the computation is started from
the freestream initial conditions and no prerun or other special
treatment is necessary for initial guess of flowfield. Also, the com-
putations are performed with the higher order closure turbulence
models from the first time step, which is different from other
investigations. Other computations usually start with an algebraic
turbulence model until a nearly converged solution is obtained,
and then continue with the higher order closure turbulence model.

V. Conclusions
Conclusions regarding the present study can be made as follows:
1) The Reynolds stress model has the best performance in pre-

dicting the onset of the separation process, mean velocity profiles,
and turbulent normal and shear stresses in the separated region for
the test case. The Reynolds stress model does predict the mean
flowfield very well but needs further improvement in predicting
turbulent quantities in the regions near the shock or expansion
wave. All three turbulence models underestimate the recovery rate
of mean flowfields in the redeveloping region.

2) The numerical method can perform the computation for
compressible, complex turbulent, separated flow with high accu-
racy and a fast convergence rate.
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Introduction

FOR a plate with a hole subject to uniform tension at its ends,
there will be stress concentration around the hole. Shape

memory alloys and piezoelectric materials can be used as induced
strain elements to reduce stresses in the regions of stress concen-
tration by applying energy, usually electric current. Sensharma et
al.1 showed that when isotropic actuation strains are applied in a
ring centered at the hole, the stresses will not change in the interior
of the ring. They also found numerically that when the actuation
strains are anisotropic, the stresses in the interior of the ring will
change. The objective of this work is to confirm analytically these
results.

General Equations
For an isotropic plate subjected to actuation strains in the radial

e/r and tangential £/e directions, Hooke's law may be written as

(1)
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We assume that constant actuation strains are applied in a ring R{ <
r<R2 (see Fig. 1) leading to axisymmetric response. The equation
of equilibrium in the radial direction is then
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0.21

daf _ d(rar)
~dT = dr (2)

The strain displacements relations are

= -^
dr

so that
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Substituting Eq. (1) into Eq. (4) using Eq. (2), assuming that E is p.g 3 Normalized stresses dE^ when ̂ ĝ , actuation strain is
constant, and simplifying, we get

(5)

Integrating Eq. (5), we obtain

°r = - \ fe^i d'i - -2 f fr2 (e,e - ejV) ± dr, dr2 + A + -
r J r JJ Tj r

Fig. 1 Plate with hole geometry.
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Fig. 2 Normalized stresses a/£e/e in plate when radial actuation
strain is zero and e/e is applied for 1.33 < r/a < 1.41.

zero and e^ is applied for 1.33 < r/a < 1.41.
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Fig. 4 Normalized stresses G/Ezir when isotropic actuation strains (eir
= El6) are applied for 1.33 < r/a < 1.41.

where A and B are constants that are found from the boundary con-
ditions. We assume that the radius of the hole is small compared
with the plate dimensions so that the plate may be treated as infi-
nitely large. Then the boundary conditions are a/a) = 0 and o>r ->
0 as r -> oo, and when these conditions are applied in Eq. (6), or
becomes

E f r

By substituting the value of ar from Eq. (7) into Eq. (2), one finds
the tangential stress as

<*e = \ J e/eri dri + \ f J 'r2 (e/e ~ e/r) 7 dri d^2 - ̂ e/e
r Ja r J aj a ' \

fr 1-E\ (e^-e^i
Ja r,

(8)
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Consider now the case of constant actuation strains £$ and e/r, ap-
plied only for a ring /?! < r < R2. We can specialize the equations
for ar and ae to three regions, as follows:

Fora <r</?!:

'^-^\ i-2- eJ-2
(9)

<r<R2:

R2,

(10)
Ee R\} E(e,.e-e,r)r jr^ i R]

r2) 2 L ""^iJ 2 2r2

For r > ̂ 2'

2r

4r
(ID
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As was found numerically in Ref. 1, there are nonzero stresses in
the interior region, Eq. (9), unless zir = £/e. Figure 2 shows the
stresses when e/r = 0. The radial stress is very small in comparison
with the tangential stress, especially in the area where the actuation
strain is applied. When the actuation strain in the tangential direc-
tion is zero (Fig. 3), both the tangential and radial stresses are
small in comparison with the preceding case. For isotropic actua-
tion strains (Fig. 4), there is no effect at all on the interior of the re-
gion where actuation strains are applied. In the application ring,
the tangential stress is high, and outside of the ring, the tangential
stress is positive, whereas the radial stress is negative, and their
values are very small in comparison with the value of tangential
stress in the ring.
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